Nanomagnetic memory and logic are currently seen as promising candidates to replace current digital computing architectures due to its superior energy-efficiency, non-volatility and propensity for highly dense and low-power applications. In this work, we investigate the use of shape engineering (concave and diamond shape) to introduce biaxial anisotropy in single domain nanomagnets, giving rise to multiple easy and hard axes. Such nanomagnets, with dimensions of ~ 100 nm × 100 nm, double the logic density of conventional two-state nanomagnetic devices by encoding more information (four binary bits: "00","11","10","01") per nanomagnet and can be used in memory and logic devices as well as in higher order information processing applications. We study reliability, magnetization switching coherence, and show, for the first time, the use of voltage-induced strain for the clocking of magnetization in these four-state nanomagnets. Critical parameters such as size, thickness, concavity, and geometry of two types of four-state nanomagnets are also investigated. This analytical study provides important insights into achieving reliable and coherent single domain nanomagnets and low-energy magnetization clocking in four-state nanomagnets, paving the way for potential applications in advanced technologies.
Introduction
The continued downscaling of conventional transistor-based electronics faces a challenging barrier in the form of increasing energy dissipation. In the quest for alternative paradigms, spinand nanomagnet-based computing architectures [1] - [5] have emerged as promising candidates. Unlike transistor-based devices, nanomagnets experience a correlated switching of spins [6] and do not suffer from current leakage. As a result, these novel methodologies would not suffer from standby power dissipation and offer substantial benefits such as nonvolatility, energy-efficiency, high integration density, CMOScompatibility, and compact implementation of logic gates.
One of the most important properties of ferromagnetic materials is magnetic anisotropy. This intrinsic property of magnetic materials plays an essential role in magnetoelectric applications such as permanent magnets, information storage media and magnetic recording heads, which require the magnetization to be pinned in a defined direction. In nanomagnets, the magnetic anisotropy also depends on the shape of the nanomagnet and its magnetic properties can be engineered by manipulating the shape of the nanomagnet, with different shapes giving rise to different anisotropic behaviors. Basic shapes of nanomagnets, such as ellipsoid and rectangular (having uniaxial anisotropy and encoding two states or two binary bits "0" & "1") have attracted a lot of attention for its applications in ultra-low power binary logic [7] - [11] and nonvolatile memory applications [12] - [14] . Nanomagnets encoding four states, instead of the conventional two-states, have been theoretically demonstrated to implement Boolean logic [15] , [16] . Besides increasing the logic density, this fourstate scheme also holds promise for higher order computing applications such as associative memory, neuromorphic computing and image processing [17] . Since nanomagnetic logic devices require accurate propagation of magnetic information along dipole-couple nanomagnets, reliable switching behavior is paramount and has been shown to be dependent on shape geometry, with different shapes and playing an important role in the magnetization switching behavior and correlation lengths along an array of nanomagnets [18] .
A four-state memory element can be implemented with a magnetostrictive layer (for instance, single-crystal Ni), which would exhibit biaxial magnetocrystalline anisotropy in the (001) plane [41] . Epitaxial films of single-crystal (001) Ni can be grown using molecular beam epitaxy (MBE) [19] , [20] . Biaxial anisotropy in magnetic thin-films has also been shown in single-crystal films [21] , coupled films [22] , double-layer films [23] , as well as in a four-pointed star-shaped structure [24] , with the latter highlighting the relationship between shape-induced biaxial anisotropy and the geometry of a thin magnetic film element, indicating that in a four-pointed starshaped structure, the high-energy states occur when the average magnetization, M r , was oriented from tip to tip (along the long dimension), while the low-energy corresponds to M r pointing diagonally (45°, along the short dimension).
Another technique used to modify a nanomagnet's magnetic anisotropy, similar to shape anisotropy, and termed 'configurational anisotropy', involves creating multiple "easy" axes by introducing small modifications to the uniform magnetization of nanomagnets of a specific symmetric shape [25] - [27] . In experiments conducted by Lambson et al. [28] , the effect of configurational anisotropy on the magnetic properties of triangular-, square-and pentagonal-shaped nanomagnets was studied. It was observed that by modifying parameters such as sample thickness and concavity of an indentation introduced along the edges, the direction of the easy axes could be individually adjusted. Consequently, nanomagnetic logic devices requiring energy efficiency and performance reliability could exploit the desirable features of this configurational anisotropy scheme, namely, anisotropy control and the ability to create multiple easy axes. In this study, Terfenol-D (amorphous) is chosen as the magnetostrictive material of our nanomagnets due to its high magnetostriction and magnetomechanical coupling constants, values that are instrumental for the realization of reliable and energy-efficient four-state nanomagnetic devices [10] . This paper is organized as follows: section II discusses the theoretical framework and parameters for studying four-state nanomagnets. Section III examines and presents the various magnetization vector patterns in diamond-and concave-shaped nanomagnets using the micromagnetic simulation code, OOMMF [29] . In this section, we study magnetization coherence in two types of four-state nanomagnets (concaveand diamond-shaped) and investigate the influence of shape, size and thickness as well as magnetization clocking with an applied strain on the four-state nanomagnets. Section IV reviews the results in order to determine the best geometry of the four-state nanomagnets for technological applications and finally, in section V, we present our conclusions.
Method: Micromagnetic Modeling
In this work, studying shape-engineered four-state nanomagnets, two types of shapes are examined: (i) diamond, and (ii) concave nanomagnets (square nanomagnets with concave grooves in its sides). Nanomagnets with these shapes have been shown to possess a fourfold symmetric anisotropy field [27] , [30] , [31] due to configurational anisotropy and also demonstrate different micromagnetic switching modes. The schematics of a four-state diamond and concave nanomagnet with their easy and hard axes are illustrated in Fig. 1 .
In the following sections, micromagnetic modeling is carried out based on the total Gibbs free energy (Equation 1) of these two nanomagnets. Simulations of the magnetization dynamics are performed using the Object Oriented MicroMagnetic Framework (OOMMF) software [29] in order to explore magnetic moment interactions and magnetization switching in these four-state diamond and concave nanomagnets. Micromagnetics is a continuum theory used to describe the magnetization process within ferromagnetic materials. To study the behavior of these nanomagnets, it is necessary to consider the relevant energy terms such as the exchange energy, magnetostatic anisotropy, stress anisotropy, and external magnetic field.
The total energy of these nanomagnets can be defined for a nanomagnet volume of Ω as: where Ω is the volume of the nanomagnet.
Considering stress, σ #; , where Y is the Young's modulus, ε is the strain, and the stress is applied only along the y-axis, the stress anisotropy energy is:
where B 3 is the magnetostrictive coefficient of the magnetic material. The effective field due to the stress anisotropy (Equation 4) is:
This effective field is incorporated into the OOMMF simulations and has a direction along the y-axis since it was assumed that stress is only applied along this direction.
To analyze the magnetization reversal process and time evaluation of magnetic moment in the four-state diamond and concave nanomagnets, three dimensional (3D) micromagnetic simulations were performed using OOMMF. These OOMMF simulations perform time integration of the LLG equation, where the effective field includes the exchange, anisotropy, self-magnetostatic and external fields. The discretized cell size used in the simulations is 1 nm × 1 nm × 1 nm, implemented in the Cartesian coordinate system.
The parameters used for the Terfenol-D in the micromagnetic simulation are as follow: exchange constant, A = 9 × 10 -12 J m -1 [35] , saturation magnetization, Ms = 800 kA m 
Results
We investigate two different shapes: diamond and concave (shown in Fig. 1 ). In this work, Terfenol-D is selected as the magnetostrictive material for the four-state nanomagnets due to its high magnetostriction value, thereby requiring a lower amount of strain to switch its magnetization state. Here, we study the effects of both magnetic field and strain on the magnetization switching characteristics of these nanomagnets. In this section, the following characteristics are examined: (A) magnetization hysteresis (anisotropy field) (B) switching coherence, and (C) magnetization dynamics, in order to determine the best shape for coherent and reliable nanomagnet for future four-state memory and logic applications as well as for higher-order applications such as image recovery and recognition schemes [15] - [17] .
Nonlinear Magnetization Hysteresis and Anisotropy Field
In order to determine the magnetization reversal process in the diamond and concave nanomagnets, micromagnetic simulations (OOMMF) were performed to verify its magnetization hysteresis. We study the hysteresis (m-B) loops of these nanomagnets for different thicknesses (10 nm and 15 nm) with lateral dimensions of 100 nm × 100 nm. The concavity depth, d, of the concave nanomagnet was chosen to be 20 nm. The results for both nanomagnets are shown in Fig. 2 which illustrates the normalized hysteresis loops for both shapes in the presence of an applied magnetic field along the x (100) direction (
The switching field for the diamond-shaped magnet with a thickness of 10 nm is ~16 mT. However, for a concave nanomagnet with the same lateral dimensions and thickness but having a concavity depth, d = 20 nm, this field increases to ~96 mT (Fig. 2a) . When repeated for a thickness of 15 nm, we observe a switching field of 27 mT for the diamond nanomagnet and 141 mT for the concave nanomagnet. Therefore, the introduction of concavity to the sides of the diamond nanomagnet results in an increase in the switching field by a factor of ~6. This increase in the energy barrier between the easy and hard axes is associated with the coherent magnetization switching in the concave nanomagnets as opposed to the diamond nanomagnets. This phenomenon can be attributed to the configurational anisotropy introduced by the concavity in the sides of the nanomagnet.
The anisotropy field for both diamond and concave nanomagnets was examined next, with the magnetization of each nanomagnet initialized in the +y direction, followed by the application of a magnetic field along the +x direction. Increasing the magnitude of the field in the +x direction causes the magnetization of the magnets to rotate, from the initial 'up' direction to the 'right' direction once the external magnetic field overcomes the energy barrier of the nanomagnet. The value of Concave Diamond this field (that causes a 90° magnetization rotation) is taken as the anisotropy field of each nanomagnet. These simulations were performed for nanomagnets having the same lateral dimensions (100 nm × 100 nm) but different thickness and concavity depths, the results of which are illustrated in Fig. 3 . For a diamond nanomagnet with a thickness of 8 nm, the anisotropy field is 6 mT. However, creating a concavity in its sides, with d = 10 nm, increases this anisotropy field to 15 mT, thereby increasing the energy barrier between the easy and hard axes by a factor of ~ 2.5. It is observed that the anisotropy field of the nanomagnets is sensitive to the thickness and concavity depth, with an increase in values of both parameters resulting in a corresponding increase in the anisotropy field. It should be noted that increasing the thickness of the diamond magnet causes an increasing incoherence (vortex) in its switching characteristics (resulting in the double-jump hysteresis loop [31] ), but not in the concave nanomagnets. The trend of low energy barrier values for the diamond nanomagnet persists till a thickness of 20 nm, above which the diamond nanomagnet shows an anisotropy field higher than that of a concave nanomagnet (for d = 10 nm) having the same lateral dimensions and thickness, as can be seen in Fig. 3 . However, this increase in anisotropy field arises at the expense of increased vorticity in the magnetization. 
Magnetization vector patterns in Diamond-and ConcaveShaped Nanomagnets
A single nanomagnet has two dominant and competing energy terms: (1) exchange energy, and (ii) anisotropy energy. In the previous section, it was shown that for higher thicknesses, the diamond nanomagnet shows a higher anisotropy field than that of a concave nanomagnet of similar dimensions (and concavity, d = 10 nm), at the expense of incoherent switching modes. Consequently, it is of interest to perform micromagnetic simulations using OOMMF and examine the evolution of this incoherence, from single-domain to incoherent vortex modes, in the diamond nanomagnet for different values of thickness as compared to that observed in a concave nanomagnet. Fig. 4 illustrates the magnetization patterns of a 100 nm × 100 nm diamond nanomagnet for various thicknesses. It can be seen from Fig. 4 and Fig. 5 that while the diamond nanomagnets are susceptible to increased incoherent switching of the magnetization as the thickness increases, the concave nanomagnets show a trivial amount of incoherence (hence, the magnetization patterns of only three values of thickness -5 nm, 20 nm, and 30 nm are shown). This insensitivity is prevalent even at larger thicknesses (with the same lateral dimensions). This phenomenon can be attributed to decreasing anisotropy energy in the concave nanomagnet which causes the exchange energy to dominate and results in coherent single domain magnetization. However, in sharp contrast, the diamond fourstate nanomagnet demonstrates a higher degree of vortex states at higher thicknesses which can be attributed to increase in magnetostatic anisotropy energy. Figure 6 represents this phenomenon in terms of the incoherence percentage of the nanomagnets, calculated as the percentage of the magnetization vectors of single domain aligned along the +x direction (final settled state) after a 90° rotation from the easy axis (+y axis). Therefore, an incoherence percentage of 0% represents a complete rotation and settling of all magnetization moments vectors within a nanomagnet into easy axis along the +x axis.
In the diamond nanomagnet, the incoherence percentage values are ~6.7% and 20% for a thickness of 5 nm and 10 nm (Fig. 6) . However, for thicknesses greater than 17 nm, we can observe that this incoherence percentage value rises to ~60% resulting in a higher degree of magnetization vortex formation while for a thickness of 30 nm, the vortex state arises into 100% (no ferromagnetic ordering in the presence of no field).
Magnetization Dynamics
Thus far, micromagnetic simulation results studying the magnetization characteristics of diamond-and concave-shaped nanomagnets have shown that concave nanomagnets entail coherent magnetization switching modes with an incoherence percentage (vortex) rate that is near to zero, for a variety of thicknesses. The diamond nanomagnets, on the other hand, show increasing levels of vortex formation with increasing thickness. In this section, we investigate the time evolution of magnetization in these nanostructures using OOMMF in order to study the magnetization dynamics as the magnetization rotates from the hard axis and settles to its easy axis. The following two scenarios are examined. In Fig. 7(a) , considering a (100 nm × 100 nm × 10 nm concave nanomagnet (d = 20 nm), the initial magnetization was set along the hard axis (φ0 = 45°) with a 10° out-of-plane component, θ0 = 80° (when θ = 90°, the magnetization vector lies in the plane of the nanomagnet). The resulting torque generated, O / O, causes the magnetization to rotate to the easy axis along the +x direction, with a settling time of just ~0.5 ns. The magnetization dynamics is then examined for a diamond nanomagnet of similar dimensions, with its magnetization vector having the same initial configuration (φ0 = 45°, θ0 = 80°). The results, shown in Fig.  7 (b), demonstrate an 'S' state switching mode (also with settling time of ~0.5 ns) resulting in an incoherence percentage of 20% in this diamond nanomagnet. In order to demonstrate applications of these four-state nanomagnets for memory and logic, we have also explored the magnetization dynamics of (i) concave nanomagnets with a concavity of 10 nm, and (ii) four-state diamond nanomagnets (100 nm × 100 nm), both having a thickness of 6 nm, under the influence of mechanical stress (tension and compression). By applying a voltage across a thin-film piezoelectric layer grown on a substrate, an effective strain is generated that is transferred to magnetostrictive nanomagnets [39] fabricated on top of the thin film (Fig. 8a) , resulting in magnetization rotation. This methodology of magnetization switching via strain is associated with low power memory and logic applications [9] [10] [11] . The schematic view of a multiferroic four-state nanomagnet and strain-based magnetization dynamics of the rotation are demonstrated in Figs. 8 and 9 for both tensile and compressive stresses of 20 MPa, with Terfenol-D possessing positive magnetostriction. In Fig. 8(a) , the voltage across the pair of electrodes on the piezoelectric thin film layer implements both compressive and tensile strains. Fig. 8(b) demonstrates 90° coherent magnetization switching in a concave four-state nanomagnet from the initial 'up' direction to the 'right' under a compressive stress (negative electric field) of 20 MPa (Fig. 8b) . Reverse switching (from 'right' to 'up') is also possible by applying a tensile stress (positive electric field) of 20 MPa along the same direction, as illustrated in Fig. 8(c) . The magnetization is switched between easy axes with a stress of 20 MPa at a clock rate of 1.25 GHz, thus providing the capability for dense memory and logic applications. Terfenol-D has one of the highest magnetostriction coefficients, 3/2 B 3 900 / 10 >N , among soft magnetic materials and Young's modulus of Y = 80 GPa [41] [42] [43] [44] . Thus, a relatively low amount of strain is needed for magnetization rotation in these single domain nanomagnets [10] .
Similarly, Fig. 9 tensile stress of 20 MPa along the same direction, as illustrated in Fig. 9(b) . We note that in both cases, upon removal of stress at t = 1 ns, there is negligible change in the magnetization state of the nanomagnets (compared to the settled magnetization state prior to stress removal). In Figs. 8(b, c) and 9(a, b) , we demonstrate the clock rate for writing information in both a concave four-state multiferroic nanomagnet with concavity depth, d = 10 nm, and a diamond nanomagnet (100 nm × 100 nm) with thickness of 6 nm is ~ 1.25 GHz under a stress of 20 MPa (tensile and compressive). This stress (20 MPa) produces a strain, # 2.5 / 10 >R . Ref. [39] demonstrated that an electric field of 2 MV/m would produce a local strain of 1000 ppm through the use of a pair of electrodes across a micromagnetic disc on top of a PZT substrate. Using a linear interpolation, the electric field required to produce a strain of 2.5 / 10 >R is 0.5 MV/m. Therefore, the voltage to be applied to the top electrodes in Fig. 8a in order to generate a stress of 20 MPa is 0.5 MV/m / 100 nm = 50 mV. For the substrate thickness and electrode spacing, a uniform stress is generated in the region between the electrodes. We, therefore, assume uniform stress in the piezoelectric material for our OOMMF simulations. The energy dissipation associated with the application of this voltage (50 mV) between the top electrodes and bottom electrode, which acts as a capacitor [10] , is (1/2) CS for each electrode. If the dimensions of the top electrode pair are 120 nm / 120 nm, fabricated on top of the PZT thin film with a thickness of 100 nm, the associated capacitance, C = 1.275 fF, assuming the relative dielectric constant of the PZT thin film is 1000.
Since the strain should be uniform across the four-state concave nanomagnet, the voltage (50 mV) should be applied simultaneously to both top electrodes. Therefore, the total energy dissipation (T ) for both electrodes is CS . Consequently, applying a stress of 20 MPa on concave and diamond four-state nanomagnet results in T 3.187 aJ/bit, which is at least three orders of magnitude lesser than the energy dissipation associated with conventional spin-transfertorque (STT-RAM) technology [40] . As concluded from the earlier section (Figs. 4-7) which studied magnetization switching in concave and diamond nanomagnets under the effect of a magnetic field (with no applied stress), the concave-shaped nanomagnets undergo coherent and more reliable magnetization switching even at a greater thickness, as compared to diamond-shaped nanomagnets which experience vortex formation during magnetization switching. Similarly, during stress-induced magnetization switching, the concave nanomagnets display a greater degree of robustness at higher thicknesses in terms of coherent magnetization switching, as compared to diamond-shaped nanomagnets. Figure 10 illustrates the magnetization switching in concave-and diamond-shaped nanomagnets under stress for a thickness of 16 nm (lateral dimensions for both structures are 100 nm × 100 nm; concavity depth in concave nanomagnet is 10 nm).
Due to the increased energy barrier resulting from the increase in thickness of the concave-and diamond-shaped nanomagnets, a greater stress of 60 MPa has to switch the magnetization. As illustrated in Fig. 10 , this stress rotates the magnetization from the initial 'up' state to the 'right' in both nanomagnets. Upon removal of stress (at t = 1 ns), the concave nanomagnet retains its magnetization state (shown by the magnetization vectors at t = 2 ns) while the diamond nanomagnet develops an undesirable vortex-like state.
Discussion
Four-state nanomagnets possessing fourfold, symmetric anisotropy fields can be implemented in non-Boolean applications such as memory [36] , [37] , logic devices like fourstate NOR gate [15] as well as in higher order applications such as image recognition and processing [17] and associative memory [38] . This study investigates the magnetization characteristics of a four-state diamond and concave nanomagnets and, in particular, the incoherent switching modes that arise as the thickness increases. Through shape engineering of the edges, concave nanomagnets are created and the subsequent deviation in the uniform magnetization would disappear. This effect is accompanied by coherent magnetization rotation (lower incoherence percentages as the concavity depth, d, increases), regardless of the nanomagnet thickness, thereby making concave-shaped nanomagnets more reliable than diamond nanomagnets during magnetization reversal (less susceptible to vortex state formation). Furthermore, it is important to emphasize the limitations associated with nanolithography when fabricating a precise diamond-shaped nanomagnet having sides of equal dimensions (100 nm). The preliminary experimental fabrication results show that a divergence of 15% from the nominal value results in the creation of a two-state, rather than the desired four-state, nanomagnet. Low-power strain-based magnetization reversal implementing these four-state nanomagnets in a multiferroic scheme is also explored for both concave and diamond nanomagnets with a low thickness of 6 nm. Both nanomagnets demonstrated similar magnetization dynamics at this thickness, however, increasing the thickness leads to a greater degree of vorticity in the diamond nanomagnets upon releasing the stress.
Conclusion
In this work, we have studied the influence of shape anisotropy on the single-domain magnetization states of fourstate nanomagnets for two distinct shapes: (i) diamond, and (ii) concave, in the pursuit of reliable and efficient nanomagnets using magnetic field and strain-based switching. Various criteria were examined for these two shapes, such as size, magnetic hysteresis, concavity depth and thickness, in order to determine the ideal shape for coherent and reliable magnetization reversal for future magnetoelectronic devices. It was shown that concave nanomagnets acquire coherent and more reliable magnetization states (at higher thickness) while diamond nanomagnets are susceptible to incoherence due to increased vorticity in the magnetization states with increasing thickness. However, the concave nanomagnets of similar dimensions show little to no incoherence and are, in fact, quite robust to variations in thickness, a vital attribute in terms of fabrication of nanomagnetic devices. In addition, with the increasing interest in strain-based magnetization reversal for low-power, energy-efficient devices, we have demonstrated, for the first time, strain-clocked magnetization reversal in fourstate concave and diamond nanomagnets with thickness of 6 nm (magnetization switching between easy axes states 'up' and 'right' and vice-versa) and possibility of writing information in this scheme with a clock rate of 1.25 GHz and an energy dissipation of less than 10 aJ. This study provides important insights into achieving reliable, coherent single-domain fourstate nanomagnets, and a novel genre of a super energyefficient magnetoelectric technology with the capability of possessing more information per nanomagnet. While nonvolatile devices offer both logic and memory capabilities, issues such as thermal fluctuations and inter-magnet coupling affect the resiliency, error probability and energy dissipation of these magnetic devices [45] - [47] . However, schemes using magneto-tunneling junctions (MTJs) such as the memory device proposed by Tiercelin et al. [48] and the straintronic-MTJ [49] , implementing strain to switch the soft layer of the MTJ, have been studied for error-resilient information processing.
In the main paper, we performed three-dimensional (3-D) micromagnetic simulation using OOMMF [29] to model the magnetization dynamics in a four-state concave multiferroic nanomagnet while subjected to strain. Since OOMMF cannot incorporate the effect of stress easily, the uniaxial anisotropy term was implied to induce magnetization switching by strain. The uniaxial anisotropy constant, K J m $ ⁄ , was used instead of strain anisotropy, K Y , and its direction was directed by uniaxial anisotropy along the [010] direction for implementing applied strain on the nanomagnet along the +y direction, as illustrated in Fig. 8 . The value of strain anisotropy constant is calculated as:
To verify the accuracy of the micromagnetic OOMMF simulations for strain induced magnetization switching in a four-state concave nanomagnet, we compared OOMMF simulations for an ellipsoid nanomagnet subjected to stress with the macrospin approximation (Landau-Lifshitz-Gilbert formalism or LLG) in equation 2. To perform this benchmarking, a single domain ellipsoid nanomagnet with dimensions of 100nm / 90nm / 10nm was used. Terfenol-D was considered as the magnetic material of this ellipsoid nanomagnet with the same properties as in the main paper. The applied compressive stress on the ellipsoid nanomagnet was -10 MPa which gives a uniaxial anisotropy, K Y 9000 J m $ ⁄ . The initial magnetization direction was φ 85` and θ = 89`. After applying a compressive stress of 10 MPa on the ellipsoid nanomagnet, its magnetization underwent a rotation from the easy axes (up) to the hard axis (right) within ~0.6 ns (Fig. A1) . The micromagnetic calculation is initialized with uniform magnetization across the ellipsoid nanomagnet and then relaxed to its equilibrium configuration. The simulation was also terminated when the normalized residual torque satisfied convergence of the Om / H O to a value less than 10 >c . Figure A1 shows both LLG and OOMMF simulations for an ellipsoid nanomagnet which was subjected to a compressive stress of 10 MPa, showing a high degree of agreement. The overall magnetization switching behavior obtained from both LLG and OOMMF are very similar which validate the accuracy of micromagnetic simulations on strainclocked magnetization of concave four-state nanomagnets in this work.
